Abstract-We describe a novel 3-D ultrasound technology, the quantitative transmission ultrasound system and algorithm to image a pendent breast in a water bath. Quantitative accuracy is verified using phantoms. Morphological accuracy is verified using cadaveric breast and in vivo images, and spatial resolution is estimated. This paper generalizes an earlier 2-D algorithm to a full 3-D inversion algorithm and shows the importance of such a 3-D algorithm for artifact suppression as compared with the 2-D algorithm. The resultant high-resolution ultrasound images, along with quantitative information regarding tissue speed of sound/stiffness, provide a more accurate depiction of the breast anatomy and lesions, contributing to improved breast care.
I. INTRODUCTION
H AND-HELD ultrasound (HHUS) is the most common adjunctive modality used for diagnostic breast imaging. It is also used for secondary whole breast screening in certain indications and is routinely used for biopsy guidance. There are, however, several known limitations associated with HHUS. Obtaining and documenting images of the breast, whether in the diagnostic setting, or for adjunctive screening in patients with dense breasts or in high risk populations, i.e., gene mutation carriers, are time consuming and operator dependent. HHUS also has a small field of view and range, making it difficult to visualize and characterize posterior lesions especially in dense breast tissue [1] . The known specificity issues with HHUS leads to unnecessary biopsies and patient anxiety. Whole breast ultrasound such as the GE Invenia Automated Breast Ultrasound System (ABUS) or Siemens Acuson 2000 Automated Breast Volume Scanner, have shown the value of standardizing whole breast ultrasound [2] .
These systems and others, however, do not acquire true 3-D data, and do not necessarily provide quantitative information regarding tissue stiffness. There has been extensive development of the 2-D quantitative inverse scattering method over the past several decades [3] - [6] , as well as 3-D methods that utilize methods of inversion that do not account for diffraction [7] .
Other methods that do not employ a full-wave inverse scattering solution have been investigated as well [8] - [10] . The authors are with QT Ultrasound Labs, Novato, CA 94949 USA (e-mail: james.wiskin. @. qtultrasound.com; elaine.Iuanow. @. qtultrasound.com; john.klock. @. qtultrasound.com; mark.lenox. @. qtultrasound.com).
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Our inverse scattering method [11] - [13] , provides a 3-D volumetric image of the breast with quantitative information about tissue characteristics. This offers radiologists additional information regarding tissue elasticity as well as biomarkers that can be used in the evaluation of breast tissue as an aid in the characterization of breast lesions, ultimately improving specificity. This is done by using a full 3-D model that is incorporated into an inverse scattering-based inversion of real world data, with diffraction and refraction accounted for in 3-D. Other researchers have incorporated full wave effects, however, only with 2-D models [3] , [4] We build upon an earlier paper that describes 2-D results [11] which shows 2-D slices of the breast in the coronal plane, similar to a breast tomogram. However, as pointed out in that paper, it is difficult to constrain acoustic energy to a single plane, and thus artifacts are likely to occur when the true 3-D nature of acoustic energy is not accounted for. These artifacts are discussed in this paper.
Acoustic/ultrasound inverse scattering, both obstacle and medium inversion, has been an area of intensive research over the past several decades [1] , [11] , [13] - [16] . However, it is well known that the computational complexity of performing even the forward problem in 3-D wave propagation is tractable but time consuming, and the equivalent of several hundred forward problems have to be performed to carry out one inversion to produce an image. Consequently, without a very fast forward problem, the 3-D inverse scattering solution is not a viable medical/clinical solution. The medical experts we have talked with (including the co-authors Klock and Iuanow) have estimated that a reconstruction time of less than 30 min is desired for clinical use. Thus, we show a fast forward method below.
Data collection methods vary in medical settings. In some cases, data are collected with a hand-held probe, which may be mechanically spatially registered. Alternatively, a water bath with an array or ring of transducers is utilized [11] , [17] .
For HHUS and ABUS, categories of lesions have been established [18] based on the morphology, margin characteristics, orientation, presence or absence of posterior features, e.g., shadowing, etc., which aid in diagnosis. However, the operator dependence and lack of standardization, time consuming scanning, reader variability and moderate specificity of HHUS have led to interest in tomographic methods [1] , [17] .
In this paper, we will concentrate on the tomographic system being developed presently by quantitative transmission (QT) Ultrasound Labs, and discussed in [11] and [19] .
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Tomographic systems generally utilize either ray-based techniques [15] , which do not incorporate diffraction effects, wave-based inverse scattering techniques, which incorporate all wave phenomena, or hybrid methods for the transmission mode images. An example of such hybrid and elegant methods to incorporate diffraction effects is [20] . However, the full inverse scattering approach is followed here. This approach is in effect a coefficient determination problem for partial differential equations and thus computationally very expensive.
To make the method practical, we use frequency domain data, and utilize a parabolic (paraxial) approximation to the full Helmholtz equation [21] . This yields a very fast forward problem solver, concomitant Jacobian, and the required fast implementation of the adjoint of the Jacobian calculation, after some algebraic manipulation, (see [11] and below, for details).
This is similar to the phase screen approach common in optics, oceanography, etc. which is based on an approximate factorization of the Helmholtz equation [22] .
Furthermore, we compare the quantitative values from our QT images of phantoms, with the speed of sound (SOS) estimates obtained from methods in [23] and [24] , to validate our SOS estimates. We will also show some artifacts that can arise in 2-D in vivo images of human breast that are ameliorated with the full 3-D propagation model, and concomitant full 3-D backpropagation.
The scientific hypotheses of our paper are: 1) that we can obtain quantitative information of breast tissue at high resolution and accuracy and 2) that the full 3-D data acquisition (as opposed to 2-D) and full 3-D inverse scattering algorithm are required to give accurate high-resolution SOS images. Indeed, we show that the 2-D approximation can lead to artifacts in images of human breast tissue.
The quantitative resolution of our method is documented in [24] , and below.
In Section II, we describe the water bath system used to collect the raw data, the inverse scattering algorithm, used to create the image, various phantoms used to verify quantitative accuracy, and the cadaveric breast to show morphological accuracy. We mention also, the in vivo images collected from volunteers under Institutional Review Board (IRB) protocols.
Section III analyzes the results of imaging various phantoms for quantitative accuracy. We also compare the cadaveric breast image to the MRI for morphological consistency. In vivo images are shown.
The resolution and other performance aspects of the system are discussed in [24] . Furthermore, we point out here the visibility of terminal ducto-lobular units (TDLUs), and the implications for resolution. We estimate the intrinsic resolution of the SOS image with a styrene rod phantom as well.
We also display some 3-D renderings of an in vivo breast image and discuss the artifacts that arise when using a 2-D algorithm (imaging in planes).
Section IV summarizes results and draws conclusions regarding the importance of 3-D algorithms for quantitative accuracy, and the morphological accuracy of this scanner and algorithm. Fig. 1 . QT Ultrasound prototype, and the user interface (UI) cart (top). Tri-arm containing the transmitter, the receiver array, and the three reflection arrays, seen from above (below).
II. MATERIALS AND METHODS

A. Data Acquisition and Processing
The QT Ultrasound device consists of a transmitter, receiver, and three reflection arrays in a rotating housing within a water bath. The three sections of the array are seen in Fig. 1 , as seen from above the water bath, with the table top extending to the right. They hold the transmitter and receiver array (8 rows by 192 columns = 1536 elements)-to collect transmission data-and three reflection arrays; five arrays in all. We do not discuss the reflection algorithm in this paper, however, see [19] . The transmission array is focused by a lens at 60 mm in an attempt to constrain the acoustic field vertically, with f -number = 3. In the horizontal direction, it resembles a plane wave.
However, as is well known, the physics of diffraction makes such constraint difficult.
At a given level, the entire assembly rotates 360°in total, shooting a chirp in the time domain, plane wave from the transmitter every 2°that propagates through the water, into and through the breast, and ultimately impinges upon the receiver array. The whole assembly then moves up 2 mm, and rotates 360°in the opposite direction. The resulting transmission data is multiplexed to A/D cards, and transferred to a separate processor, which applies the inverse scattering algorithm to compute attenuation and SOS. The sampling rate is 33 MHz, bit depth is 14 b, and we record for approximately 50 μs. The reflection data is acquired through an independent beam-former and compounded as described in [16] . The water is heated to 31°C and monitored/maintained at that temperature. The data is Fourier transformed to the frequency domain and stored. At each frequency, the data consists of 180 views, each consisting of 1536 complex values corresponding to the elements of the receiver array. We use a subset of these frequencies, generally equally spaced from 0.3 to 1.3 MHz, at intervals of 0.1 MHz, (∼11 frequencies) to create the final image at 1.3 MHz, although the step size in frequency is still a matter of research. We create successive images at incrementally higher frequencies as we step through the bandwidth. As shown in the flowchart in Fig. 2 , we create 2-D images for all levels at these frequencies, then we create 3-D images starting from the concatenated 2-D images, beginning at ∼0.8 MHz. The number of frequencies used in the reconstruction is N freq . Using too few frequencies and iterating too long at one frequency leads to over convergence and artifacts. However, using too many frequencies and not iterating enough at each, leads to under-converged images at the highest frequency. Using too many frequencies and iterations leads to unacceptably long (from a clinical perspective) reconstruction times. As mentioned above, a typical inversion will use ∼11 frequencies. However, we emphasize this is breast dependent, and a full parameter study is outside of the scope of this paper (see Fig. 20) .
B. Inverse Scattering Algorithm at a Fixed Frequency
The frequency data represents the total ultrasound field that has impinged upon the receiver array. This data has interacted with the breast tissue before reaching the array, and thus encapsulates information about the tissue structure in it. The process of inferring the tissue characteristics from this data is known as an inverse scattering problem. Our inversion algorithm at a particular frequency is based on a minimization procedure, using the L 2 norm for the residual vectors defined by
Here r l ω j θ (γ ),d l ω j θ (γ ), and d l ω j θ (γ ) are complex vectors of size N R = 1536, the number of receiver elements in the array. d l ω j θ (γ ) represents the (Fourier transformed) predicted data for all 1536 elements at a particular frequency ω j , azimuthal direction θ , and level l. This predicted data depends on γ , the "object function" defined as
where k(x) is the complex wavenumber, incorporating speed and attenuation as k(
is the wavenumber in water at frequency ω = 2π f , c(x) is SOS (m/s), and α is the attenuation coefficient in Np/m. The 1536-component complex vectors r
∈ C N R represent the residual between the predicted fieldd l ωθ (γ ) and the measured field d l ωθ at each receiver position, for each transmitter position θ , level l, and at the fixed frequency ω. Our 3-D algorithm uses ω j ≡ 2π f j , j = 1, . . . , N freq with f j ranging from 0.3 to 1.3 MHz, i.e., N freq = total number of frequencies utilized in the reconstruction. Unlike [11] the forward, Jacobian and adjoint of the Jacobian operators, are all fully 3-D operators in this paper. The functional to be minimized at each frequency is therefore
The minimization is carried out using a Ribiere-Polak (RP) version of the nonlinear conjugate gradients algorithm [11] .
The algorithm in [19] is 2-D; however, the generalization here is 3-D and involves simultaneous minimization over all levels of the object function (breast), as well as propagation in 3-D. We proceed from low frequencies to high frequencies, forming images at each frequency. The pixel size for the 3-D algorithm is 0.65 by 0.65 mm by 1 mm tall. Only the highest frequency image is saved [19] .
Thus, at a single frequency the functional F ω j (γ (x)) minimizes over all views, and all levels simultaneously, that is, it is a true 3-D reconstruction. Note that the function does not have a regularizing term in the sense of Tikhonov. We rely on the natural tendency of the nonlinear conjugate gradient algorithm to move in the direction corresponding to the highest singular values for regularization. Thus, the noise will tend to be introduced only in the higher iterations. Our algorithm performs a predetermined fixed number of iterations at each frequency. These numbers are based on our experience in imaging and are breast dependent. Thus, we cannot give a single set of numbers for all breasts. However, see above discussion.
C. Forward Problem Operator
We require a fast solution to the forward problem at each frequency. To achieve this, we start with the Helmholtz equation
where f is the pressure at x ∈ , is the volume of the water bath. We use the parabolic approximation to (4), wherein the acoustic energy is presumed to propagate primarily in the x-direction [11] .
This parabolic approximation to the full Helmholtz equation governing wave propagation in inhomogeneous tissue, and the recursion in the direction of propagation x can be summarized as
is the total field at propagation distance x j and y and z are the transverse coordinates [11] .
is a multiplicative operator incorporating the object function γ . A ≡ F −1P • F propagates the field through water, where F denotes the fast Fourier transform (FFT), F −1 , the inverse FFT, andP is the propagator through water in the Fourier domain, described in the Appendix.
D. Gradient of Function F: Jacobian and Its Adjoint
The RP version of the nonlinear conjugate gradient algorithm requires the gradient of the functional F by [11] ∂ ∂γ
where J ω j ≡ (∂r lθ /∂γ ) is the Jacobian at circular frequency ω j , which is simply obtained by a perturbation argument on the forward problem recursion. This is a linear operator, so it is straightforward to determine the (Hermitian) adjoint operation, as in [11] .
is the Hermitian conjugate of the Jacobian J ω j andγ is complex conjugate of γ .
E. Step Length Calculation for Ribiere-Polak Conjugate Gradients
The step length at the nth iteration is
, where d n is the RP descent direction. g n is the nth gradient of the functional F ω j , and J ω j ≡ (∂r lθ /∂γ ) is the associated Jacobian. The action of the Jacobian on the descent direction is given by
where J n ≡ (J ω j ) n is the Jacobian at the nth iteration, d n is the descent direction, δd l ωθ are the perturbations in the predicted data resulting from the perturbations in the object function, and δγ (x, y, z) at each data level l, and angle θ (see Appendix and [11] , for more details).
Since the gradient and descent directions are derived from the forward model, the accuracy of the forward model is critical. We refer to [21] , and references therein for a discussion of the accuracy of the solutions using the parabolic approximation as compared with the full Helmholtz equation in the forward problem. However, the quantitative accuracy in this paper and the spatial resolution shown in [24] , argue for its accuracy.
The computational complexity of our forward problem is O (N x N y N z log (N y N z ) ), due to the FFT's. There are the equivalents of five forward problems in one iteration of CG. It is generally agreed that the parabolic approximation is ∼3 orders of magnitude faster than the integral equation approach [21] .
F. Phantom Studies
We utilize several quantitative phantoms to validate the SOS measurement. The first is a zerdine sphere of 3.25 cm in diameter (Fig. 3) (CIRS, Inc., Norfolk, VA, USA), to represent a true 3-D object. The second is a cylindrical polyurethane phantom (Yezitronix, Inc., Montreal, Canada) consisting of a 1.6-in polyurethane background cylinder with several vertical holes drilled into it, some of which have been filled with polyurethane samples (Fig. 4.) .
This phantom represents a more complex 2-D phantom. The third is a gelatin-based tapered cylinder phantom filled with a Laponite core (not shown). We also use polyurethane cylinder phantoms, each 3 inches in diameter, and 2 inches tall (Conversion Technology, Inc., CO, USA-not shown).
We also imaged an additional shorter, very low speed Conversion Technology Cylinder (approximating fat). The cylinders were designed to test the quantitative accuracy and stability of our algorithm, and were chosen to represent a broad spectrum of speeds relevant to human breast. An additional 3 in tall, 3-in diameter, sphere-filled cylindrical phantom of polyurethane was procured from Conversion Technology. There were three layers of spheres. Each layer contained six 1-cm radius spheres, uniformly distributed in angle in the cylinder. This was used to compare 2-D and 3-D quantitative values.
In order to obtain quantitative estimates of SOS, the QT Ultrasound images were manually segmented using a Visualization Toolkit/Insight Segmentation and Registration Toolkit implementation, based on SOS. The average and standard deviation (sd) were obtained from the segmented volume.
G. Cadaver Breast
A dense human breast from International Biologics (Scottsdale, AZ, USA) was fixed in formalin solution and refrigerated until imaged in our device. This same cadaveric breast was imaged at the University of Utah Center for Advanced Imaging Research (UCAIR) with 3-T MR using a 3-D Rapid Acquisition Gradient Echo (RAGE) sequence. The MR image served as ground truth to validate the 3-D ultrasound tomography image.
H. In Vivo Images
Several examples from over 500 breast images from our scanner are shown and validated by experienced breast imagers (Radiologists), to establish the morphological accuracy of our images, and the visibility of the TDLUs.
III. RESULTS AND DISCUSSION
A. Phantom Studies-Quantitative Accuracy
The QT image of the Zerdine sphere (Figs. 5 and 6) yields an average SOS of 1537 m/s with a standard error of 8.9 m/s (see Table II ).
The ripples visible in both Figs. 5 and 6 are frequency dependent. There are various methods for the amelioration of these artifacts, including the use of the total variation (TV) norm. However, we have carried out in house studies and noted that radiologists have preferred very sharp images with artifacts over regularized images that may have less ripples but have smoothed areas as well.
For the cylindrical phantom with inclusions (QT image in Fig. 7 ) the ground truth (accepted value) for the inclusions and the material comprising the phantom itself are shown in Table I , and were obtained from larger samples that were obtained from the manufacturer (Yezitronix, Inc., Montreal, Canada), using dual piston methods as discussed in [23] and [24] .
In Table I , Percentage is sd as a percentage of average speed. #std devs = number of sds in the difference between the QT Ultrasound measurement versus the piston (independent) measured value.
The results for six cylindrical phantoms from Conversion Technology, Inc., USA, using the QT Ultrasound device are shown in Fig. 8 . The speeds of these uniform cylindrical phantoms were also measured using dual piston methods described in [23] and [24] .
The values for the seventh cylindrical phantom (only 1 in tall) from Conversion Tech. was imaged and segmented. Also the water bath itself was segmented and produced a value that was uniformly close to the formula for SOS determined by Del Grosso and Mader [25] . The result is shown in Table IV . The relative error (no units) for the Conversion Technology cylindrical phantoms averaged over six cases was (QT value − Independent value)/Independent value = −0.00217 or 0.22%.
The QT value for SOS was thus slightly lower than the independent value by approximately 2.2 parts in 1000.
Note also the ring artifacts in Fig. 5 . These geometric artifacts are centered at the image center and are frequency dependent. These and similar contour-following rings could possibly be addressed with suitable regularizing terms, such QT SOS image of standard phantom, used to verify quantitative accuracy of our system. The grayscale varies from slow speed (1350 m/s-black) to fast speed (1600 m/s-white). Values are shown in Table I . The large outside cylinder is 1.6 inches in diameter.
as the TV constraint [26] . However, in our experience the radiologists prefer to see detail even if it is contaminated slightly by some artifacts. Hence we have avoided regularizing terms in this paper. This is an area of future research.
B. Cadaver Images
The Cadaver MRI image compares remarkably well with the QT SOS image as shown in Fig. 9 as validated by the radiologist Iuanow, MD and Klock, MD. Their validation indicates that what we image is true breast tissue morphology, at high resolution, even in cadaveric breasts, which are of course, much more complex than the phantoms. We do note that fixing tissue can indeed alter the SOS. We have compared the SOS for various tissues in fixed and unfixed states. It is known that (formalin) fixing tissue increases its stiffness (through cross-linkage of protein), and thus its SOS. In particular, we observed that for fat tissue, fixation resulted in an increase in the SOS by 0.4%, and for fibroglandular tissue, fixation resulted in 0.1% increase. The nonparametric Mann-Whitney test showed the difference to be insignificant for p > 0.05, n = 10.
The SOS of skin tissue was observed to decrease by 0.3% (also insignificant for n = 10, p > 0.0.5). This contrary result is due, we believe, to volume averaging. In particular, fixing also causes tissue shrinkage (again related to protein cross-linkage). For the skin, which is a thin tissue type, this exacerbates the volume averaging problem, since it is surrounded by slower regions (water on one side, and fat on the other). Volume averaging in conjunction with the fixation induced tissue shrinkage results in the observed decrease in SOS. Therefore, we believe the comparison of the cadaver tissue in the MR mode versus the 3-D ultrasound tomography is appropriate.
C. In Vivo Breast Images-TDLU
We have also imaged ∼500 breasts using these methods under IRB approved clinical study protocols. Typical images are shown in Figs. 10 and 11 . The fibroglandular tissue has a lighter appearance in the grayscale, whereas the fat has a darker appearance, i.e., a lower SOS. The grayscale varies from 1350 to 1600 (m/s) with a center level at 1475 m/s [12] , as shown in Fig. 5 . These images are of dense breasts, which are of particular importance in clinical evaluation.
Note in particular, the stippled appearance of the fibroglandular tissue (the lighter grayscale). We believe this is due to the ability of our algorithm to differentiate between glandular elements (speed values 1517-1567 m/s) from ductal tissue elements (speed values 1560-1612 m/s) as verified in [27] by histology. These TDLUs are ∼1 to 4 mm in size. We recognize that the stippling may be a stochastic realization of subwavelength scatterers. See below for a full discussion. The 3-D nature of our image is seen in Fig. 12 . Further evidence of our ability to image dense breast tissue is seen in Fig. 13 , which also shows the corresponding mammogram to validate the dense nature of the breast.
A further example of the 3-D nature of our algorithm is seen in the movie . The movie represents what a radiologist would see if she/he were to scroll through the breast in the coronal view. The grayscale in the movie is as shown in Fig. 10 . Note especially the smoothly varying nature of the fibroglandular tissue in contrast to the abrupt appearance 
D. Resolution
The ability to see the TDLUs indicates a resolving capability of ∼1 mm. This is verified by our imaging of a styrene rod 0.5 mm in diameter. We used the sum of squares approach to evaluate the square step response and remove the step width as described in [24] .
The measured full-width at half-maximum (FWHM), R meas is from a line plot in the y direction, shown in Fig 14, that is the convolution of the true width S obj of the test object with the intrinsic response of the system R int . Assuming that the responses can be approximated by Gaussians, then
The FWHM is estimated to be ∼1.4 mm, which gives, by the above formula, using S obj = 0.5 mm, R int = 1.308 mm. The same calculation using the line plot in the x-direction, gives R int = 1.520 mm. The average intrinsic resolution is then, R int = 1.414 mm in the horizontal plane. The slice thickness in the vertical direction is given as 2 mm in [24] 
E. 2-D Artifacts
We have observed that using the 2-D model to invert for each level separately, then combining these 2-D images after the manner of CT, yields artifacts in both speed and attenuation images. The attenuation images are also susceptible to artifacts since the 2-D algorithm has no way of interpreting energy that is scattered out of plane, and thus must interpret it as attenuation, whereas the 3-D algorithm can account for this [11] . Unlike X-rays, ultrasound energy experiences a great deal of out-of-plane scattering, even with vertical focusing.
One artifact that can occur in the 2-D reconstruction procedure is that a high-speed area will appear as very low speed, i.e., lower than fat.
In one of our cases, the skin line, which had a SOS of 1533-1550 m/s in the 3-D image (similar to ∼500 3-D images reconstructed to date) in the 2-D reconstruction had a SOS value of ∼1386 m/s. In other cases, we had observed that a low-speed artifact of this type occurred internally as well, as shown in Fig. 15 . This anomalous speed value is substantially below even that of fat, and is problematic, since we have observed that solid lesions are characteristically higher speed (1570 m/s and higher) than fat, ductal, glandular tissue and complex or simple cysts [27] . Also, the attenuation in this 2-D image was as high as 24 dB/cm/MHz. Worse, the attenuation would continue to rise (seemingly without limit) at some pixel values, when the 2-D algorithm was allowed to iterate. On the other hand, the 3-D algorithm attenuation values tend to converge to reasonable values. In this situation, the SOS from the 2-D image has an uncharacteristically low value in the middle of the breast at this particular level (Fig. 15) .
Another instructive example is shown in Fig. 16 . Here, the volunteer was scanned and the data was imaged with the 3-D algorithm and the 2-D algorithm for comparison. Fig. 16 shows the image that results at one particular level. The right panel shows the reconstruction when the 3-D algorithm was used to invert the data, and the left panel shows the reconstruction resulting when the 2-D algorithm was used to invert the data. Both algorithms were inverted at 1.3 MHz and with the same number of iterations to achieve convergence. We note in particular, that the 2-D reconstructed image is missing a substantial portion of breast tissue, there are substantial artifacts in the breast tissue, and the skin line is missing. We believe this is partially due to the presence of the tape used to secure the breast to a movable rod below the breast for stabilization. The 3-D algorithm, however, has correctly reconstructed the tape itself.
The failure of the 2-D algorithm to adequately reconstruct the breast tissue is furthermore seen in the axial images of the same breast, as seen in Fig. 17 Axial views. Three-dimensional algorithm reconstruction (top). Two-dimensional reconstructions concatenated together (bottom). Note that the vertical resolution of the 2-D algorithm is extremely poor, and parts of the breast have not been reconstructed at all, while other volumes show severe artifacts due to the securing tape. Furthermore, the top 1 cm of the breast is not reconstructed by the 2-D algorithm at all. The yellow lines in each frame are 98 mm, for reference.
algorithm has attempted to reconstruct the breast, it has failed to reconstruct relevant parts of the breast at all, and the skin line in particular.
It is important to note that these are not atypical artifacts, but failures of the 2-D algorithm. Simply stated, creating a series of 2-D slices and putting them together to form a 3-D image fails for ultrasound when the breast is not close to "cylindrical" in shape and internal structure. The ultrasound energy is not constrained to a single plane and 2-D methods cannot by their very nature account for this. Three-dimensional methods not only account for the out-of-plane energy, but use it to produce more accurate images.
Not surprisingly, the 2-D images are reasonable where the breast is almost cylindrical. However, the pendent breast in water certainly is cylindrical only in certain special cases, and then, only at certain levels of the breast, and the fibroglandular tissue may not be at all. Therefore, artifacts can easily occur that lead to incorrect SOS and attenuation values. These and other artifacts are avoided with full 3-D modeling.
It is also certainly true that if the object is "cylindrical" or cylindrical-like, that the 2-D algorithm will give reasonable results and the 2-D form factor can be partially compensated by the methods shown in [28] and [29] . These elegant results, however, are validated using the Born approximation (weak scattering approximation), which is not applicable in our case. However, it is true that the formulas may still be applicable in other situations not found here.
The greater difficulty is that even in those situations where one might suppose that the 2-D approximation might work, there is no guarantee that artifacts may not arise in the nonlinear inversion. The weak scattering approximation is a linear approximation that does not take into account multiple scattering in any meaningful way. This is problematic for the contrasts encountered in breast tissue. In fact, we have documented that there are severe artifacts in some cases, and there are artifacts that occur even in an approximately 2-D body.
F. 2-D-3-D Comparisons of Spheres
Finally, we compare the reconstructions of spherical inclusions within a cylinder with 2-D and 3-D code. Note that the estimated speeds for the spheres, as shown in Table V , differ dramatically between the 2-D and 3-D algorithm images, whereas the speeds for the background are the same.
IV. SUMMARY DISCUSSION
We have used the 3-D phase screen/Fourier split step [22] approach to approximate the Helmholtz equation, in our 3-D inverse scattering algorithm. We then established its quantitative and spatial accuracy a posteriori by phantom, cadaveric and in vivo studies carried out on the QT Ultrasound device [24] .
The values of speed represented a good cross section of tissue appropriate values, ranging from fat at ∼1410 m/s to cysts (1530 m/s) to solid lesions at 1590+ m/s, (see Figs. 5, 6, and 8, Tables I and II) . Table III establishes the accuracy of our method for high speeds (1570) and speeds lower than the 1530 m/s reconstructed above, but higher than fat.
Also, the cylinder in Table IV These speeds represent a fair sampling of tissue in normal breast. For the six cylinders the relative error averaged out to approximately 0.22%, indicating a good degree of accuracy.
We have also shown that the SOS image produced by the QT Ultrasound system is self-consistent (low relative sd) and accurate for the phantoms shown when compared against other measurement methods.
We have estimated the intrinsic spatial resolution, using methods from [24] , at ∼1.414 mm, which agrees with the fact that we are able to see TDLUs in our SOS image, which are 1-4 mm in size
Since the SOS of the tissue has been shown to be correlated highly with bulk modulus [30] , or stiffness of the tissue, this allows comparison with methods that measure other modulishear modulus, for example. We note that shear modulus changes more dramatically from normal tissue to solid lesions, however, our tomographic full 3-D image (of bulk moduli) gives a volumetric perspective more difficult to obtain than with standard elastography measuring devices.
Computing the attenuation image is a more challenging (severely ill-conditioned numerically) part of the problem than the SOS image, and requires further work to validate, to be clinically useful. Thus, no attenuation images are included in this analysis.
We have avoided the use of regularization for the reasons enumerated above. Our method of minimization is a standard RP nonlinear conjugate gradient method. The convergence characteristics for the two highest frequencies are seen in Fig. 20 . The residual plotted there is normalized by the L 2 norm of the data: i.e.,
2 ) 1/2 , where is the sum over all angles and all data levels at frequency ω = ω j . We have also considered quasi-Newton type methods (such as Limited memory Broyden, Fletcher, Goldfarb and Shanno), but the efficiency of the RP conjugate has led to its adoption in this paper. Our algorithm performs a fixed number of iterations at each frequency at the present time.
Another issue is the morphological accuracy of our images. This is clearly required for clinical utility of our device. This was established in two independent ways. First a cadaveric breast was imaged with both an MRI and our device. The comparison in Fig. 9 shows clearly the close correspondence between the MR image and ours. There are some differences due to the slight misregistration between the two images which means that the planes shown are not absolutely co-registered. Also, there is some relative deformation since the MRI is obtained in air, whereas the QT image is obtained in water.
Second, Figs. 10-13 show the QT images of human breast in vivo. Here the breast fibroglandular tissue is shown in light gray. The complex 3-D nature of the fibroglandular tissue is evident from these images. The morphological accuracy of these images was verified by a radiologist (Iuanow, MD) and an oncologist specializing in breast anatomy (Klock, MD). In fact, as established in [27] , there is a strong correlation between the cross-sectional anatomy of the breast and the QT Ultrasound images.
Note also that Figs. 10, 11, and 13 are of dense breasts, which are of particular importance in that the risk for breast cancer is substantially increased in dense breasts. Furthermore, they show clearly the TDLUs, indicating resolution of ∼1 mm. It can be argued that this pattern is "specklelike." However, we believe it is a deterministic representation of the tissue characteristics for several reasons given in [27] . Furthermore, recall that the speckle that is associated with B-mode images is the result of scattering from subwavelength scatterers presumed to be randomly distributed throughout the tissue being imaged. Their reflected signals are added destructively or constructively depending on their phase. The strength (amplitude) of the reflected signal is itself presumed to be random. One method that has been historically used to decrease the speckle has been the compounding of several images. We do this compounding explicitly in our refraction corrected reflection images, with the result that these images are speckle free. The SOS inversion is model based and the compounding is carried out within the operation of the algorithm rather than after the fact. The observed variation in the SOS between the glandular tissue and the ductal tissue is approximately 1542 versus 1586 m/s [27] . Furthermore, the sds are 25 and 26 m/s, respectively, so the spread in SOS can be much higher. Due to the small physical size of the variations, there is some volume averaging taking place, so it is reasonable to take the larger spread in SOS as representative, thus the average difference is at least 44 m/s between the glandular and ductal tissues. The variations in the fat tissue on the other hand are over a larger spatial area and the sd of fat in our images is only 9 m/s. This fact, in addition to the observations of Klock et al. [27] and the presence of compounding give evidence that there is little speckle in the SOS images: i.e., that we are seeing true tissue variation. Further experiments will be carried out to further substantiate this claim (see also [27] ).
We provided evidence that the 2-D algorithm is substantially faster, but inadequate to account for interplanar scattering and the vertical extent of the acoustic incident field, which led to unpredictable artifacts in the final image. While such artifacts may be negligible in "cylindrical" regions of the breast, their unpredictability is problematic in the clinical setting. Clearly there will be regions of the breast where a 2-D algorithm will suffice. Furthermore, other 2-D algorithms than ours may be more successful in imaging the 3-D breast. However, the failures that we have documented would indicate that any 2-D algorithm would have to be validated extensively before being trusted in a clinical setting, where accurate diagnoses are important. Further investigation is required on this point to state categorically that 2-D images are inadequate.
V. CONCLUSION
After 40+ years of research, ultrasound tomography has reached the point of being close to clinically relevant. We believe the reconstruction times do not prohibit the use of the device in a clinical setting. The data acquisition requires approximately 11 s/level (2 mm/level), and reconstruction requires approximately 40 seconds per level. This results in a typical scan time of approximately 7 min per breast and approximately 35 min to reconstruct. Remarkably, even other 2-D model inversions that incorporate diffraction (beyond the Born/Rytov approximation) and refraction, can take reportedly similar reconstruction times [3] , [4] .
No ionizing radiation is involved, and therefore this device is amenable to continued follow-up of likely benign lesions, even in pregnant, or young, women. In all, this makes for a practical, clinically relevant device. We have imaged over 500 breasts in real world situations, of various sizes and densities, with results similar to those shown in Figs. 10, 11, and 13 .
The high resolution, high image quality, suppression of artifacts, computational efficiency, full 3-D modeling, and quantitative accuracy all make for a powerful argument for the clinical relevance of 3-D QT ultrasound. This paper describes the QT Ultrasound system and algorithm for imaging a pendent breast with transmission ultrasound for quantitative characterization of breast tissue. We believe that using ultrasound tomography will provide better accuracy in characterizing breast tissue and lesions identified in the clinical setting, ultimately improving patient care. Having established the quantitative and morphological accuracy, more research is needed to build on the foundation laid here
We are currently involved in or have completed several clinical studies to ascertain the clinical value of our device (see [31] , [32] ).
APPENDIX
A. Forward Problem Calculation
The parabolic approximation to (4) leads to the following recursion acting on the initial field at x o : p(x o , x ⊥ o ), x ⊥ o ≡ (y j , z j ) to give the total field for j = 0, . . . , N − 1:
The • indicates element-wise multiplication of two matrices: i.e., if A λμ andP λμ are components of 2-D matrices (P • A) λμ ≡ (P λμ A λμ ), i.e., it is Hadamard, or Schur, multiplication. F indicates Fourier Transform.Pis the 2-D matrix with elements,P λμ ≡ e −iε(
, ε is step length in x, k is step length in transform space: k y , k z . t (x j , x ⊥ j ) ≡ t j (y, z) ≡ e −iε (k(x j ,y,z)−k 0 ) ≡ e −iεk 0 γ (x j ,y,z) is the "phase mask" element-wise multiplication operator. γ is the object function defined as above.
This forward problem is a parabolic approximation to the full Helmholtz equation governing wave propagation in inhomogeneous tissue, and the recursion in the direction of propagation x can be summarized as p j ≈ [t j ]Ap j −1 , where p j ≡ p(x j , y, z) is the total field at propagation distance x j and y and z are the transverse coordinates. It is also necessary to incorporate the receiver element characteristics in the model if the wave model is to accurately mimic the real data, and make the residual vector meaningful [11] . The operator [t j ] ≡ t (x j , x ⊥ ) ≡ t j (y, z) is a multiplicative operator incorporating the object function γ . Note that A ≡ F −1P • F propagates the field through water.
B. Gradient of Functional F ω : Jacobian and Its Adjoint
The RP version of the nonlinear conjugate gradient algorithm requires the gradient of the functional F ω by (see also [11] )
where J ω ≡ (∂r lθ /∂γ ) is the Jacobian at some fixed frequency ω, which is simply obtained by a perturbation argument on the forward problem recursion, as shown below. This is a linear operator, so it is straightforward to determine the (Hermitian) adjoint operator This is carried out as in [11] . J T ω is the Hermitian conjugate of the Jacobian J ω andγ is complex conjugate of γ .
C. Step Length Calculation for Ribiere-Polak Conjugate Gradient Algorithm
The step length α n ≈ ((g T n d n )/( J n d n 2 )), where d n is the RP descent direction. g n is the gradient of the functional F ω , and J n ≡ (∂r lθ /∂γ ) n is the associated Jacobian at the nth iteration. The action of the Jacobian on the descent direction is given by
where δp j = Ap j −1 •δt j +t (x j , x ⊥ )•A(δp j −1 ), j = 1, . . . , N, operator, so that δp N is the perturbed field closest to the arrays, and T is the translation operator to the receivers and δd l ωθ (γ ) is the perturbed data on the receiver array resulting from a perturbation of the γ , given by d n ≡ δγ , A ≡ F −1P •F propagates a field a distance ε through water, and δt j (x ⊥ ) ≡ −i εk 0 t j (y, z)δγ (x j , y, z) from the definition of the phase mask t j .
